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Abstract. Using a theorem of partial differential equations, we present a general way 
of deriving the conserved quantities associated with a given classical point mechanical 
system, denoted by its Hamiltonian. Some simple examples are given to demonstrate 
the validity of the formulation. 

PACS numbers: 02.60.Lj, 45.20.Jj 
1. Introduction. 

It has been well-known for many years of the history of physics that symmetry principles 
and conservation laws play a crucial role in understanding physical phenomena 
Many physical problems can be solved significantly easier by taking into account 
symmetry consideration, and most importantly, one can gain deep insight of the nature 
of the phenomena. Many fields of study in modern physics developed rapidly through the 
understanding of symmetry principles, for instance, the gauge symmetries in quantum 
field theory and elementary particle physics jHIHlEl- 

The existence of symmetries in a physical system means that there exists one or 
more transformations that leave the physical system unaltered. Since physical systems 
can be completely described by their Lagrangians / Hamiltonians, it is therefore natural 
to expect the symmetry transformations to be canonical ones. The number of symmetry 
transformations that can be generated from the system depends on the number of 
conserved quantities of the associated system. It has been well-known that the conserved 
quantities of a physical system relate closely to the generator of the associated symmetry 
transformations [HEIIZI- 

In this paper, we shall present a derivation of all possible conserved quantities 
associated with a given physical system directly from its associated conservation laws. 
We shall limit our task on classical point mechanics, although it may be possible 
to extend the derivation techniques to quantum mechanics and field theories, once 
the connection between classical and quantum mechanics is established via canonical 
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realizations PlIH]- Some simple examples associated with time- independent and time- 
dependent systems will be considered. 

The paper is organized as follows : a brief overview of classical mechanics is 
given in Section |21 in which we shall use Lagrangian and Hamiltonian approaches. 
This includes a brief review of canonical transformations, especially a subset of the 
transformations called infinitesimal canonical transformations. The relation between 
symmetry canonical transformations and conservation laws, as well as the use of a 
theorem of partial differential equations to obtain the conserved quantities are given in 
Sectional In Section HI we shall discuss the derivation of conserved quantities associated 
with time-independent systems. A similar discussion for time-dependent cases is given in 
Sectional Some simple examples are used to demonstrate the validity of the formulation. 
Section IHl presents summary and conclusion of the discussion, as well as a brief remark 
of the extension possibility of the techniques to quantum mechanics and field theories. 



2. Classical Mechanics : Canonical Formalism. 

A classical system can always be represented by an associated Lagrangian L{qi,qi,t) 
that satisfies 

6A = 6 r L{qi, qi, t)dt = (III) 
and leads to Euler-Lagrange equations of motions 

dqi dt (sgj) ^' (^^■'^) 
where i = 1...N, N = number of degrees of freedom. 

Defining the conjugate momenta pi associated with the canonical coordinates qi as 
dL , , 

Vi = n.3 

dqi 

we may construct a new function H{qi,pi,t), the Hamiltonian, that can equivalently 
represent the physical system as L{qi,qi,t) via a Legendre transformation [7] : 

H{qi,pi,t) = Y^Pjqj -L{qi,qi,t). (II.4) 

j 

H{qi,pi,t) is known as Hamiltonian. Using Eqs. pi.2j) and pi.4|l . a set of equations of 
motion equivalent to Eq. pi.2|) . the so-called Hamilton's equations of motion, can be 
obtained as follows : 

dH 
dpi 

dqi 

dH _ dL 
'dt ~ ~~dt' 
A set of invertible phase space transformations 

{qi,Pi,t) ^ {Qi,Pi,t) (II.6) 
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which preserves Eq. flll.5|) is called canonical transformations. It is easy to show 
that the set of canonical transformations forms a non-abelian group PP, and that the 
transformations can be generated by one of the four types of generating functions 
Fi{qi,Qi,t),F2{qi,Pi,t),F3{pi,Qi,t),Fi{pi,Pi,t) [7^. The old Hamiltonian H{qi,pi,t) 
and the new counterpart K{Qi, Pi, t) are related by 

dF 

K{Q,,P„t) = H{q,,p,,t) + ^, a=l,...,4. (II.7) 

In the case of a time-independent system, the value of the old and new Hamiltonian 
are the same, even if they have different functional forms. In general, K{Qi, Pi,t) and 
H{qi,pi,t) have different functional forms, leading to different physical interpretations. 
It is more convenient to use the Poisson bracket formulation, defined as follows for 

A{qi,pi,t) and B{qi,pi,t) : 

The first two equations in Eq. pi.5|) can be written as 
(ji = {qi,H} 

p, = {p,,H}. (II.9) 

In the case of canonical transformations, it is easy to show that the necessary and 
sufficient condition for the transformation pi.6|) to be canonical is 

{Q,,P,} = {q,,p,} = 5ij. (11.10) 

We are now focusing our attention to a subset of canonical transformations that lies 
in the neighborhood of the identity transformation, namely the infinitesimal canonical 
transformations. The transformation can be generated by the following generating 
function 7J 

F2{q^,P^,t) = J2iqjPj + e^fj{q,,p„t)) , (11.11) 
j 

where fj{qi,Pi,t) are the generators of infinitesimal canonical transformations, and ej 
are infinitesimal parameters. The transformation generated by pi.llj) can be written as 

Qi = ?i + 

j 

j 

It can be shown that the set of infinitesimal canonical transformations forms an abelian 
group, and hence it can be used to form a linear vector space and an algebra jH]. The 
algebra of infinitesimal canonical transformation satisfies the following Poisson bracket 
relations [H |S] : 

{f^JA = ECf,fk + d.j (11.13) 

k 

where C^j and dij are constants depending on the nature of the transformation. In some 
transformations, the constant dij may be removed by a suitable substitution ^1 |H] . The 
relations pi.l3jl are closely related to the commutation relations in Lie algebras pUj . 
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3. Symmetries, Conservation Laws and General Conserved Quantities. 

The infinitesimal canonical transformation pi.l2j) that leaves the Hamiltonian of a 
given physical system invariant is called the symmetry canonical transformation of 
the associated system. The term invariant means that the nature of the physical 
system is unaltered by the transformation, which means that the old and transformed 
Hamiltonians have to be of the same functional forms. As a consequence, Eq. ()11.7|) can 
be written in the form of 

H{Q,,Pi,t) = H{q,,p„t) + (111.14) 

Inserting Eqs. pi.llj) and pi.l2jl into Eq. pil.l4jl and applying the Taylor expansion 
on H{Qi, Pi,t) to the first order of ej together with Eqs. pi.8|) and pi.9|) . we get 

^{q^,p^,t) = {f,,H} + ^ = 0, (111.15) 

which means that the generators fj{qi,Pi,t) are the conserved quantities of the given 
physical system. Hence there is a closed relation between the existence of a conserved 
quantity and its associated symmetry canonical transformation. Since the generators 
fj{qi,Pi,t) are independent functions due to independent parameters ej, the conserved 
quantities obtained must be independent to each other. 

We may obtain the conserved quantities fj{qi,Pi, t) associated with a given physical 
system by solving Eq. pil.l5|) . which lead to the constructions of its associated symmetry 
canonical transformations according to Eq. ()11.12|) . Since Eq. pil.l5|) is a linear partial 
differential equation of the first order, the following theorem of partial differential 
equations provides the general solutions of the equation [TTl [T2] : 

THEOREM 1 Consider a linear partial differential equation of the first order in the 
form of 

dz 

VPi(xi, ...,a;„)— = i?(xi, ...,a:„,z). (111.16) 

Ifui{xi, ...,Xn,z) = Ci, i = 1 ...n are independent solutions of the subsidiary equation 
dxi dx2 dxn dz . , 

1^ ^ ^ ^ - ^ 1^ ^ ^' ^ ^ 

then the relation $(mi, ...,Un) = (where $ is arbitrary function) is a general solution 

ofEq. mrm. 

A rigorous proof of Theorem^ is given in Ref. It should be noted that there are a 
maximum of n independent solutions satisfying Eq. pil.l7|) . 

As the consequences of Theorem ^ the general solution of Eq. ()111.15|) may be 
written as 

fj{qi,Pi,t) = $(Wi,...,W2n), (111.18) 



On the Derivation of Conserved Quantities in Classical Mechanics 



5 



where n is the number of configuration dimension, $ is an arbitrary function, and 
Ukili^Pi^t), k = 1,2, ...,2n are the independent solutions of 

dqi dqn dpi dpn 



dt. (111.19) 



\dpij \dpnj \dqij \dqnj 

The form of the solution ()III.18|) indicates that there could be infinitely many solutions 
satisfying Eq. pil.l5|) . 

Inserting piI.18|) into Eq. piI.15|) . we have 

^{qi,P^, t) = {Uk, H} + ^ = 0, k = l,2, 2n. (III.20) 

This means that each independent solution of the subsidiary equation piI.19|) 
corresponds to a conserved quantity of the associated physical system. The maximum 
number of independent solutions may be interpreted as the maximum number of all 
independent conserved quantities one can possibly find in the system, which depends 
on the number of configuration degrees of freedom. 

4. Time-independent Conserved Quantities. 

For the time-independent case, Eq. ()III.15|) reduces to 

= {/,//} = 0. (IV.21) 
The general solution of pV.21|) may then be written in the form of 

/(g„p,) = $(ni,...,n2„_i), (IV.22) 
where Ui, i = l...(2n — 1) are the independent solution of the subsidiary equation 
dqi dqn dpi dpn 



\OpiJ \OPnJ \OqiJ \OqnJ 



(IV.23) 



It is clear from Eq. pV.23|) that it is not possible to obtain a time-independent conserved 
quantity from a time-dependent physical system, since the f^'s and |^'s will contain 
explicit time-dependence. The maximum number of possible independent conserved 
quantities is 2?7, — 1. It should be noted that Eq. pV.2Hl admits a trivial solution 
fiQi^Pi) = H{qi,pi), and hence f{qi,Pi) = ^{H{qi,pi)). This kind of solution will be 
automatically satisfied in any time-independent case. 

For the purpose of demonstration, we shall use Eqs. pV.22j) and pV.23j) to re- 
derive time-independent conserved quantities of some well-known cases in one- and 
many-particle systems. 

4.I. One-Particle Systems : Free Particles. 

The simplest one-particle system is the free particle system, whose Hamiltonian in 3- 
dimensional case is given by 

H{q,p) = ^f^'^^'' - (IV.24) 
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The correspondent subsidiary equation can be written as 

dq^ _ dqy _ dq^ _ _dp^ _ _dpy _ dp^ 
(p.) ~ (p^) ~ (p^] ~ ~ ~ 

and its independent solutions are 



(IV.25) 



Px 








Py 


= ^2, 






Pz 


= c,, 






Lx 


= qyPz 


- qzPy 


— C4, 


Ly 


= qzPx 


- qxPz 


= c,. 



(IV.26) 

The general solution of Eq. pV.2Hl of the system is then 

f{q,p) = $ {p^,Py,Pz, L^, Ly) . (IV.27) 

From Eq. pV.26|l . we have 5 independent solutions correspond to momenta in the x, y 
and z directions, as well as angular momenta in the x and y directions. The angular 
momentum in the z direction = qxPy — qyPx can be expressed as the function of 5 
independent conserved quantities as given in Eq. pV.27|l . 

4-2. One-Particle Systems : Central Forces. 

The Hamiltonian of a central force system is given by 

2 

H{q,p) = ^ + V{r), (IV.28) 
2m 

where V{r) is the central force potential. For the 3-dimensional case, it is defined as 

V(r) = Viql + ql + ql). (IV.29) 

The associated subsidiary equation associated is given by 

dpx dpy dpz 

\dqx J V oqy J \oqz j 

dpx _ dpy 



dqx 


dqy 


dqz 


(ft) 




(m) 








dqx 


dqy 


dqz 


(s) 


"(ft) 


(m) 




dpz 





2fef) (2*f) 



where u = ql + ql + q^. The independent solutions are 



(IV.30) 



H{q,p) = Pl±f±^ + V{ql + ql + ql) = C,, 



Lx = qyPz - qzPy = C2, 

Ly = qzPx - qxPz = C3, 

Lz = qxPy - qyPx = Ca- (IV.31) 
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There are 4 independent solutions associated with an arbitrary 3- dimensional central 
force system, i.e. the trivial solution associated with the total energy of the system, and 
3 non-trivial solutions associated with the angular momentum in x, y and z directions. 
However, there may be 5 independent solutions obtained in some 3-dimensional systems, 
for instance, the 3-dimensional harmonic oscillators. The general solution of Eq. pV.2H) 
for the 3-dimensional central force system is then 

f{q,p) = $ iH{q,p),L,, Ly, L,) . (IV.32) 



4-3. Many- Particle Systems. 



We now consider the simplest case in many-particle systems. Suppose there are 
objects with the same masses m. All the objects lie on a straight line, and each 
object is connected with its closest neighbourhoods by springs with constant k. For 
the simplicity, let us consider only vibrations along the straight line formed by the 
objects. The Hamiltonian of the system above is given by 



H{qi,Pi 



2"^ hi 



2m 



+ 



where qi and pi are conjugate coordinate and momentum of the i 
associated subsidiary equation is 

dqi dqt dqN 



(IV.33) 
th object. The 



(Pl\ (Pi\ "' ( PN 

\m J V'Tt/ \ m 



dpi 



dp2 



- qi) Kqs - 2?2 + qi] 

dpi 



dpN-1 



k{qi+i - 2qi 
dpN 



qi-i) 



k{qN - 2qN-i + qN~2) 



k{qN - qN-i] 
whose independent solutions are 



(IV.34) 



pI 



N 



N 

i=l 
N 

i=l 



C2, 



=2 L 



2m 



+ 



{qi - qi 



(IV.35) 



There are 3 independent solution associated with the system, consisted of one trivial 
solution corresponds to the total energy of the system, one corresponds to the 
conservation law of linear momentum, and one solution which is equivalent to the 
conservation of linear momentum since pi = mqi. The general solution of Eq. ()IV.21|) 
will be an arbitrary function of H{q,p), J2Pi and J2 Xi- 
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5. Time-dependent Conserved Quantities. 

In the time-dependent case, Eq. flIII.15|l must be fully satisfied. There are two kinds of 
conserved quantities : one associated with a time-independent Hamiltonian, and another 
one associated with a time-dependent one. With the time-independent Hamiltonian, 
Eq. piI.lBj) still admits the trivial solution H{q,p), which means the total energy of 
the physical system is still conserved, as well as time-independent solutions. With the 
time-dependent Hamiltonian, this is no longer the case. 

The subsidiary equation of Eq. piI.15|) is given by Eq. (1111.1911 . with the maximum 
number of its independent solutions being 2n. We shall use Eqs. piI.18|l and piI.19jl 
to derive time-dependent conserved quantities of time-independent Hamiltonians, with 
one-particle systems as the examples, as well as time-dependent conserved quantities 
associated with a time-dependent Hamiltonian. We shall only discuss the 1-dimensional 
cases for the non-zero potential systems since calculation difficulties arise in 2- and 
3-dimensional as well as in many-particle cases. 



5.1. Time-independent Physical Systems : Free Particles 

Using the Hamiltonian of 3-dimensional free particle system ()IV.24|) . we write the 
subsidiary equation as 

dqx _ dqy _ dq^ _ _dp^ _ _dpy _ dpz _ , 

(p^) - (E^)- (p.)- " " ""^ ^^-^^^ 
The independent solutions for the system are 



Px 




= Ci 


Py 




= C2 


Pz 




= ^3 


Qx - 


—t 

m 


= C4 


%- 


m 


= c. 


(Iz - 




= C6 



(V.37) 

m 

The last 3 solutions in Eq. ()V.37|) are the expressions of homogeneous linear motions 
in 3-dimensional space. The general solutions of Eq. ()111.15|) for the 3-dimensional free 
particle systems are then 

f{Q,P,t) = <i> (px,Py,Pz,qx - —t,qy - —t,qy - —t] , (V.38) 
V m m m / 

The angular momenta in 3-dimensional cases may be expressed by ()V.38|) . 



5.2. Time-independent Physical Systems : Central Forces 
From the Hamiltonian of 1-dimensional free particle system 

2 

H{q,p) = ^ + V{q^), (V.39) 



On the Derivation of Conserved Quantities in Classical Mechanics 



9 



one may write the associated subsidiary equation for 1-dimensional central force system 
as 

\m.) \dq ) 

Unlike the derivations discussed in either Section 0] or Section the treatment 
of obtaining time-dependent solution of Eq. ()V.40|) depends on the functional forms 
of the central force potentials. For the purpose of demonstration, we shall use the 1- 
dimensional harmonic oscillator and the 1-dimensional inverse square potential system. 

For the 1-dimensional harmonic oscillator with potential V{q^) = \kq^, where k = 
constant, Eq. ()V.40jl becomes 

? = dt, (V.41) 



(^) 

which is equivalent to 

d{p + iVkm q) Ik 



dt. (V.42) 



p + iykmq v 
The independent solutions of ()V.41|) are 

hiip + iVk^q)-i\—t = C2, (V.43) 
V m 

where the second independent solution is obtained by integrating Eq. ()V.42|) . The second 
solution of Eq. (1X^431) gives us information of how the momentum p and coordinate q 
behave in the system. The general solution of piI.15|l for a 1-dimensional harmonic 
oscillator is 

f{q,p,t) = ^ ^H{q,p),ln{p + iVkmq) -i]j^t^ . (V.44) 
With the 1-dimensional inverse square potential system, we use V{q'^) = — ^, where 



k = constant. Eq. ()V.40|) becomes 



-t = *. (V.45) 



2 H{q,p) = Ci, 



(m) 

The independent solutions of Eq. ()V.45|1 are 

k 

2m q^ 

pq-2H{q,p) = C2, (V.46) 

where the second solution in Eq. ()V.46jl is obtained from the equivalent relation 
extracted from Eq. ()V.45|) : 

pdq dt =0, 

m 

2k 

qdp+ — dt = 0. (V.47) 
g2 
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The general solution of ()111.15|) for a 1-dimensional inverse square potential system is 
f{q,p,t) = $ iH{q,p),pq - 2H{q,p),t) . (V.48) 

5.3. Time- dependent Physical Systems 

As mentioned in the beginning of Sectional in the time- dependent physical systems the 
Hamiltonians are no longer conserved quantities, meaning that the subsidiary equations 
Eq. piI.19j) do not have the Hamiltonians as one of their solutions. 
Given the Hamiltonian of a 1-dimensional physical system as 

2 

Hiq,p,t) = ^ + Viq,t), (V.49) 

the subsidiary equations piI.19jl may be expressed as 
dq dp 



(dV\ 

\m J \ dq J 



dt, (V.50) 



where we have used partial derivative of V{q, t) instead of total derivative as in 
Eq. (TOOll . 

As in the central force case in Section 15.21 the treatment of obtaining solutions 
for Eq. ()V.50|) depends on the functional forms of the associated potentials. For the 
purpose of demonstration, let us consider a simple 1-dimensional system of a point 
mass m attached to a spring of constant /c, where the other end of the spring is fixed 
on a massless cart moving uniformly along q axis with speed vqX. The potential of the 
system is given by 

V{q,t) = ^{q-v,t)\ (V.51) 

Inserting potential ()V.51|) into Eq. ()V.50|) . we have 
dq dp 



dt, (V.52) 



(^) - ^0^) 

which maybe equivalently written as 
p 

— dp + k{q — Vot) dq = 0, 
m 

p 

dq dt = 0, 

m 

dp + k{q - Vot) dt = 0. (V.53) 

Applying the total derivative of V{q, t) to the first equation of ()V.53|) and using the 
third equation of ()V.53|) . we get 

— dp + dV-vodp = 0, (V.54) 
m 

I The same problem is also discussed in Ref (21 PP- 350] using a different approach. 
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which can be easily integrated to obtained the associated independent solution : 

^^^ + i%-.ot)^ = C,. (V.55) 

Although the independent solution has the dimension of energy, it is not the total 
energy of the associated system, but the total energy of the point mass relative to the 
cart instead. The general solution of piI.15|l for the associated system is 

f{q,P, t) = ^ (^^^^ + - votr^ . (V.56) 
6. Summary and Conclusion. 

We have discussed the way of obtaining conserved quantities of a given physical system 
by solving Eq. piI.15|) using the subsidiary equations piI.19|l . The maximum number 
of possible conserved quantities a physical system may have is given by Theorem ^ 
Some particular time-independent cases for one-particle and many-particle systems, as 
well as time-dependent cases for one-particle system have been used to demonstrate the 
technique and treatment of handling Eq. ()111.19|) . For the same physical systems, it 
is found that one may not have the same results for the time-independent and time- 
dependent cases. More complicated treatment may be used to deal with time-dependent 
cases and many-particle systems. 

Although the technique presented here is in the scope of classical mechanics, it 
may be applicable to classical fields, provided that the Poisson brackets in Eq. pil.l5|) 
re-formulated in an appropriate way in terms of field variables dlZj. Also, since the 
connection between classical and quantum mechanics can be established by replacing 
the Poisson brackets with Lie brackets or commutators, the conserved quantities in 
quantum mechanics may be obtained directly by replacing {q,p) in the associated 
classical quantities with (g, | ^). 

As the symmetries of the physical system yields the existence of non-trivial 
conserved quantities in classical mechanics, the same argument is true for quantum 
system. Moreover, the existence of symmetries in quantum mechanics generates 
degeneracy which depends on the number of degree of freedom. For example, since there 
is no non-trivial conserved quantity in a time-independent one dimensional harmonic 
oscillator, no degeneracy occurs in the quantum counterpart. The degeneracy of 
harmonic oscillator system shows up in 2- and 3-dimensional cases. 
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